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Abstract

The effects of simultaneous heat and mass transfer on downward laminar flow of humid air in a vertical channel with isothermal
have been studied numerically using an elliptical formulation. The entering air is always warmer than the channel walls but its
humidity can be higher or lower than the one corresponding to the wall temperature. Thus, cooling of the air stream is accom
either condensation or evaporation. The axial evolutions of the interfacial transverse velocity, of the average air temperature an
vapour mass fraction, of the sensible and latent Nusselt numbers, of the friction factor as well as that of the Sherwood number are
and analysed for different inlet air conditions. The effects of the buoyancy forces on the hydrodynamic field are very important w
influence on the average air temperature and average mass fraction is small. Even though sensible heat is always transferred
to the walls, the latter must be heated when evaporation is important. If evaporation is weak, or if condensation occurs, the wal
cooled.
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

Confined flows with simultaneous thermal and chem
species diffusion occur in many industrial processes suc
the cooling of electronic systems, the chemical depositio
solid layers, the distillation of sea water and in cooling to
ers. They are therefore studied extensively, mostly num
cally since the number of independent variables influencin
the hydrodynamic, thermal and concentration fields is q
large and their control in experimental installations is rat
difficult.

More specifically, laminar mixed convection in ducts w
simultaneous heat and mass transfer between a flowing
and a liquid wetting the walls has been the subject o
considerable number of publications. Thus, Yan [1] stud
the effect of the liquid film thickness and concluded tha
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can be neglected when the liquid mass flow rate is sm
Lee et al. [2] studied ascending flow of cold dry air
a vertical rectangular duct with one wet isothermal w
and three adiabatic dry walls. They showed that, in
case, the aiding buoyancy forces due to temperature
concentration gradients increase the rate of heat and ma
transfer over the corresponding values for forced convec
Ali Cherif and Daif [3] considered downward flow of a
and a binary liquid film of finite thickness and showed t
it is possible to evaporate more water from an ethyl
glycol–water liquid mixture than from pure water. Orfi a
Galanis [4] analysed the effect of the thermal and sol
Grashof numbers on mixed convection airflow in tubes w
uniform concentration and uniform heat flux at the so
fluid interface. For horizontal tubes, and for vertical tub
with upward flow, they found that the Nusselt and Sherw
numbers as well as the wall shear stress are higher
for forced convection. On the other hand, for a verti
tube with descending flow these three parameters are l
when buoyancy forces are takeninto consideration. Lately
Benachour et al. [5] treated downward airflow in a verti
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Nomenclature

C non-dimensional mass fraction,
= (w − w0)/(ww − w0)

D mass diffusion coefficient . . . . . . . . . . . . . m·s−2

Dh hydraulic diameter. . . . . . . . . . . . . . . . . . . . . . . . m
f friction factor
g gravitational acceleration . . . . . . . . . . . . . . m·s−2

GrM solutal Grashof number,= gβ∗D3
h(ww −w0)/ν

2

GrT thermal Grashof number,= gβD3
h(Tw − T0)/ν

2

h half distance between plates . . . . . . . . . . . . . . . m
hfg enthalpy of evaporation . . . . . . . . . . . . . . . J·kg−1

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

L channel length . . . . . . . . . . . . . . . . . . . . . . . . . . . m
N Grashof number ratio,= GrM/GrT

P non-dimensional pressure,= (p − ρ0gx)/ρ0U
2
0

Pr Prandtl number
q heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−2

Re Reynolds number,= U0Dh/ν

Sc Schmidt number,= ν/D

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K

U,V non-dimensional velocity components
w mass fraction(kg of vapour)·(kg of mixture)−1

x axial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . m
X,Y non-dimensional coordinates

Greek symbols

β coefficient of thermal expansion . . . . . . . . . K−1

β∗ coefficient of mass fraction expansion
γ aspect ratio,= 2h/L
θ non-dimensional temperature
ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

φ relative humidity
Φ general variable

Subscripts

m mean value
0 inlet conditions
w wall
at
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tube with finite liquid film thickness. They showed th
the thickness and composition of the liquid film play
important role in determining heat and mass transfer ra
They also presented experimental estimations of the Nu
number for this configuration.

All these studies of mixed convection with double diff
sion considered situations where both heat and mass
added to the air stream. Furthermore, these numerical
ies neglected axial diffusionof heat, momentum and chem
cal species. This approach simplifies the numerical solution
of the partial differential equations modeling the flow fie
as well as the temperature and concentration distributi
On the other hand, this axially parabolic model cannot p
dict flow reversal that may occur when the flow rate is l
and/or when the buoyancy forces are important. The pre
study differs from previous ones in two important aspe
Firstly, the adopted model includes the axial diffusion ter
and, therefore, the equations are elliptical in all directio
Secondly, the conditions under investigation correspon
those encountered in natural air conditioning systems wher
hot air is in direct contact with cold water and, therefore, h
is removed from the air stream. Such systems are techn
ically simple and are particularly interesting for regions w
a hot dry climate.

2. Problem formulation

Atmospheric air with a uniform dry bulb temperatu
T0 and a uniform relative humidityφ0 enters a vertica
channel with a uniform downward velocityU0. The channe
is formed by two isothermal plates of lengthL; its width is
t

-

t

-

Fig. 1. Schematic representation of system under study.

2h (Fig. 1). The plates are covered by a very thin film
liquid water atTw. Steady state conditions are conside
and the flow is assumed to be laminar. Viscous dissipa
as well as the Dufour and Soret effects are assumed t
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negligible as in all the studies cited in the introductio
Finally, the physical properties are assumed to be con
except for the density in the body forces which is conside
to be a linear function of temperature and mass fraction:

ρ = ρ0
[
1− β(T − T0) − β∗(w − w0)

]
(1)

It should be noted that for the air–water combination un
consideration bothβ andβ∗ are positive. However this is no
the case for all gas–liquid combinations.

The following referencequantities areused for non-
dimensionalisation: the plate length L for linear dimensio
U0 for the velocity components,Tw − T0 for the tempera-
ture differenceT − T0 andww − w0 for the mass fraction
differencew − w0. With this formulation and the above a
sumptions, the differential equations modeling the prob
are:

(a) conservation of mass

∂U

∂X
+ ∂V

∂Y
= 0 (2)

(b) streamwise momentum equation
(

U
∂U

∂X
+ V

∂U

∂Y

)
= − ∂P

∂X
+ 2γ

Re

(
∂2U

∂X2
+ ∂2U

∂Y2

)

− 1

2γ Re2
(GrTθ + GrMC) (3)

(c) spanwise momentum equation(
U

∂V

∂X
+ V

∂V

∂Y

)
= −∂P

∂Y
+ 2γ

Re

(
∂2V

∂X2 + ∂2V

∂Y2

)
(4)

(d) conservation of energy(
U

∂θ

∂X
+ V

∂θ

∂Y

)
= 2γ

Pr Re

(
∂2θ

∂X2 + ∂2θ

∂Y2

)
(5)

(e) species conservation(
U

∂C

∂X
+ V

∂C

∂Y

)
= 2γ

Sc Re

(
∂2C

∂X2 + ∂2C

∂Y2

)
(6)

Eq. (3) indicates that for such double diffusion proble
two different Richardson numbers must be considered:
thermal Richardson numberRiT = GrT /Re2 and the soluta
Richardson numberRiM = GrM/Re2. Alternatively, some
authors [6] cast the problem in terms of the thermal Gras
or Richardson number and the ratioN = RiM/RiT =
GrM/GrT . Here we shall use the two Grashof numbers
define the flow conditions since either one could be eq
to zero. Positive values ofGrT and GrM indicate that the
thermal and solutal buoyancy forces act upwards. Th
conditions prevail whenTw > T0 and ww > w0 since β

and β∗ are positive for the air–water combination und
consideration.

It should be noted that this system of coupled non-lin
partial differential equations is elliptical in both theX and
Y directions contrary to all the previous studies cited
t
the introduction, which adopted an axially parabolic f
mulation. That approach simplifies the formulation (bou
ary conditions at the outlet are not required) and the co
sponding PDEs can be solved with a marching techni
which requires relatively little computer memory. On t
other hand, the axially parabolic models are less accu
when the buoyancy forces are important and cannot pre
flow reversal, which is most likely to occur when both buo
ancy forces act opposite to the flow direction. As far as
can ascertain, the present study is the first using the full e
tical equations to model simultaneous heat and mass t
fer.

The boundary conditions for the problem under consid
ation are:

at the inlet(X = 0,0< Y < γ ):
U = 1 andV = θ = 0 (7)

at the outlet(X = 1,0< Y < γ ):
all axial derivatives are zero (8

at the walls(Y = 0 andY = γ,0 < X < 1):
U = 0,V = Ve,C = θ = 1 (9)

where the non-dimensional transverse velocity at the in
face is [2]

Ve = (−2γ /Re Sc)(ww − w0)(1− ww)−1(∂C/∂Y )Y=0

(10)

and the mass fraction at the wallww corresponds to th
saturation conditions atTw.

Heat transfer between the wet wall and the humid a
the sum of a sensible and a latent component [2]:

qt = qs + ql = k(∂T /∂y)y=0

+ ρDhfg(1− ww)−1(∂w/∂y)y=0 (11)

Therefore, the Nusselt number

Nut = hDh/k = qtDh/k(Tw − Tm) = Nus − Nul (12)

where

Nus = −2γ (1− θm)−1(∂θ/∂Y )Y=0 (13a)

Nul = 2γ S(1− θm)−1(∂C/∂Y )Y=0 (13b)

and

S = (ρDhfg/k)(ww − w0)(1− ww)−1(Tw − T0)
−1 (13c)

Mass transfer at the interfaceis characterized by the She
wood number

Sh = hMDh/D = −2γ (1− wm)−1(∂C/∂Y )Y=0 (14)

while the friction coefficient is

f Re = 4γ (∂U/∂Y )Y=0 (15)
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Table 1
Effects of discretisation on calculated results

No. of nodes x/L = 0.021 x/L = 0.1 x/L = 0.36 x/L = 0.98

Values ofNus

100× 35 10.4926 8.20026 7.69659 7.559
200× 70 10.3954 8.20105 7.7521 7.554

Values off Re

100× 35 46.0972 37.9653 27.9048 23.957
200× 70 45.8838 38.1714 27.9435 24.020

3. Numerical solution

The thermophysical properties are evaluated at a tem
ature and concentration given by the 1/3 law from the ex-
pressions given by Lin et al. [7]. All the results presen
here have been calculated withL/2h = 65 (γ = 0.01538).

The solution of the PDEs modeling the flow field is bas
on the method of control volumes proposed by Patan
[8]. Velocity components are calculated at the interface
these control volumes while the transportable quantitieΦ

are evaluated at their centres. The velocity-pressure couplin
is treated with the SIMPLER algorithm [8]. Convergence
this iterative procedure is declared when

Max
((

Φn+1
i,j − Φn

i,j

)
/Φn+1

i,j

)
< 10−5 (16)

The discretisation grid is non-uniform in both the strea
wise and transverse directions with greater node density
the inlet and the walls where the gradients are expected
more significant. The effect of the number of nodes on
calculated results is shown for typical conditions in Table
Since the increase of the number of nodes by a factor of
(from 100× 35 to 200× 70) results in changes of less th
1% on the values of the Nusselt number and of the fric
coefficient, the 100×35 discretisation was deemed to be s
ficiently accurate. All the results presented in this text hav
therefore been calculated using 100 and 35 nodes in thX

andY directions, respectively.
Validation of the model and the computer code h

been carried out in several steps. First, the calculated
evolution of the Nusselt number for hydrodynamically a
thermally developing forced convection was very close w
corresponding published results [9] except in the immed
vicinity of the channel inlet. The influence of axial diffusio
which was not included in the previous study, explains
observed difference in that region. Second, the calcul
sensible and latent Nusseltnumbers for mixed convectio
with heat and mass transfer have been compared
corresponding results by Yan and Lin [10]. As seen
Fig. 2 the agreement between these two sets of resu
satisfactory. The small differences are due to the impreci
associated with the digitalisation of their graphical res
and to the effect of axial diffusion, which was not taken in
account by Yan and Lin [10]. In view of these success
comparisons, we conclude that the model and the comp
r

l

r

Fig. 2. Validation of calculated Nusselt numbers (Tw = 40◦C, T0 = 20◦C,
φ0 = 50%,Re = 400).

code are reliable and can be used to analyse the pro
under consideration.

4. Results and discussion

As noted by Lee et al. [2] the two Grashof numbers
Eq. (3) are not independent sinceww is related toTw. Since
we are interested in studying the effect of the inlet condition
on the flow field, we have fixed the following conditions:

Pr = 0.7, Sc = 0.58, Re = 300, Tw = 20◦C

(henceww = 14.5 (g vap)·(kg moist air)−1 (17)

The chosen combinations ofT0 and φ0 as well as the
corresponding values of the two Grashof numbers
other relevant parameters are specified in Table 2. Neg
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Table 2
Values of parameters for cases under study

Case # T0 [◦C] φ0 [%] w0 [g·kg−1] GrT GrM |N |
1 40 10 4.56 −74576 7142 0.0958
2 40 30 13.90 −74717 559 0.0075
3 40 50 23.52 −74860 −6123 0.0818
4 45 10 5.94 −89975 6042 0.0672
5 30 10 2.62 −40077 8876 0.2215

Grashof numbers indicate that the corresponding buoya
force acts in the direction of gravity and aids the enter
flow. The absolute value of the Grashof ratioN is quite
small indicating that, for the cases under consideration
hydrodynamic field is influenced more by thermal buoyan
which acts in the flow direction (see Eq. (3)). The fi
cases considered here are quite different from those in o
similar studies. For example, in [1] both buoyancy forc
oppose the flow, the values ofN are higher but the therma
Grashof numbers are considerably smaller than in Tab
in [2] the values ofN andGrT are higher than in Table
and both buoyancy forces act in the flow direction
the geometry is different; in [4] cases with both buoyan
forces aiding or opposing the flow have been conside
with N = 0,1,∞ but the geometry and thermal bounda
condition are different from those in the present study; a
finally, in [7] both buoyancy forces aid the flow, the valu
of N are higher but the values ofGrT are considerably
lower than in Table 2. Furthermore, it should be noted
in these four studies [1,2,4,7] the conditions were such
mass transfer always occurred by evaporation of the liq
film whereas in the present one conditions that lead
evaporation and condensation have been included. For
of the five combinations ofT0 andφ0 in Table 2 the system o
PDEs has been solved twice: once with the values ofGrM ,
GrT specified in Table 2 and a second time withGrM =
GrT = 0 (i.e., for forced convection). By comparing the
results it is possible to identify the effects of the buoyan
forces on the flow field.

Fig. 3(a) and (b) show the effect ofT0 andφ0, respec-
tively, on the axial evolution of the non-dimensional tra
verse velocity at the interface. Positive values ofVe indicate
flow towards the plane of symmetry of the channel. It f
lows that in cases 1, 4 and 5 water from the film is eva
rated and transferred to the airflow while in case 3 vap
is removed from the airflow, condensed and transferre
the film. In case 2 the value ofVe is essentially zero indi
cating that phase change and interfacial mass transfe
negligible for this combination of variables. These resu
are consistent with the relative values ofw0 andww: when
ww > w0 (as in cases 1, 4 and 5) vapour flows from the fi
to the air stream while whenww < w0 (as in case 3) it flows
in the opposite direction and whenww ≈ w0 there is essen
tially no vapour flow. It should be noted that, at a given
ial position,Ve decreases asT0 andφ0 increase and that
tends uniformly to zero asx/L increases. This asymptot
behaviour is obviously due to the fact that the tempera
r

h

Fig. 3. Axial evolution of the non-dimensional vapour velocity at t
interface.

and absolute humidity of the air approach the correspon
wall values asx/L increases. Finally, comparison of the r
sults for mixed and forced convection show that the ef
of the buoyancy forces is quite small except in the cas
the highest inlet temperature for which differences of up
10% are observed in the developing region. In general,
the channel inlet, absolute values ofVe for mixed convection
are slightly bigger than those for forced convection while
opposite is true in the downstream region.

Fig. 4(a) and (b) show the resulting effects on the a
evolution of the average vapour mass fraction. In cases
and 5wm increases withx while in case 3 it decreases.
case 2,wm stays essentially constant. In all cases its valu
the channel outlet tends towards the imposed wall condi
This result is consistent with the fact that the correspond
value ofVe tends to zero. Whenwm increases (evaporatio
at the wall) the values for mixed convection are sligh
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Fig. 4. Axial evolution of the average mass fraction.

bigger than those for forced convection. On the other ha
whenwm decreases (condensation at the wall) the oppos
true. In either case, these results indicate that changes i
average mass fraction occur slightly earlier when buoya
forces are taken into consideration. The results of Fig. 4 als
indicate that, at a fixed axial position,wm increases asT0
increases and/or asφ0 increases.

Fig. 5 shows the corresponding axial evolution of
latent Nusselt number. According to Eqs. (13b) and (1
positive values ofNul correspond to evaporation of th
film (cases 1, 4 and 5) while negative values indicate
condensation takes place (case 3). In case 2 for which the
practically no mass transfer, the values ofNul are essentially
zero. These results show that, at a given axial position,Nul

decreases as bothT0 and φ0 increase. Yan [10] attribute
these effects to the value of the parameterS (Eq. (13c))
which increases whenT0 andφ0 increase. Once again th
e

s

Fig. 5. Axial evolution of the latent Nusselt number.

effect of buoyancy forces is restricted to the develop
region and is rather small. The absolute value ofNul for
mixed convection is never smaller than the correspon
value for forced convection. The axial evolution ofNul for
the cases with evaporation (cases 1, 4 and 5) is qualitat
similar to that shown in [2].

Fig. 6(a) and (b), respectively, show the effect ofT0 and
φ0 on the axial evolution of the average air temperature.
notice that the air is being cooled in all cases, whether w
evaporation (cases 1, 4 and 5), with condensation (cas
or without mass transfer (case 2). In all casesTm tends
towards the imposed wall temperature. The effect of
inlet humidity is negligible while that of buoyancy force
increases as the inlet temperature increases but rem
fairly small even for the highest value ofT0 considered here
These results indicate the average temperature decreas
faster when buoyancy is taken into account.
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Fig. 7(a) and (b) show corresponding results for
sensible Nusselt number. Since the air is always war
than the liquid film,qs is always directed towards the wal
and, according to Eq. (13a),Nus is always positive. In
all casesNus decreases monotonically towards the sa
asymptotic value,Nus∞ = 7.54, which is equal to the
analytical value for fully developed forced convection [10
This result provides additional proof that the adopted mo
and numerical scheme are valid and precise. This tend
has also been reported by Lin et al. [7], Yan [6] and O
and Galanis [4]. Very close to the channel inlet the values o
Nus are the same for both forced and mixed convection s
in this region temperature and concentration gradients
very small. In the developing region however,Nus increases
as T0 increases and the valuesfor mixed convection are
approximately 10% higher than those for forced convect
Fig. 7. Axial evolution of the sensible Nusselt number.

The effect ofφ0 is very small, although values ofNus for
flow with condensation (case 3) are slightly higher th
those for flow with evaporation (case 1).

It should be noted that in case 2, for which there
practically no mass transfer andNul is close to zero, the
value ofNut is, according to Eq. (12), essentially equal
that of Nus . Since the latter is positive (heat flux from th
gas to the walls) over the entire length of the channel, h
must be removed from the walls at all axial positions
maintain their temperature atTw = 20◦C. In case 3, for
which condensation occurs (Nul < 0), the value ofNut is,
according to Eq. (12), greater than that ofNus over the
entire length of the channel. This indicates that the w
must be cooled at all axial positions and the heat which m
be removed is everywhere greater than for case 2. On
other hand, in cases 1, 4 and 5 for which evaporation ta
place,Nul is positive. For the lowest inlet air temperatu
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Fig. 8. Axial evolution of the friction coefficient.

(case 5)Nul is considerably higher thanNus over the
entire channel length. ThereforeNut and qt are negative
everywhere, indicating that heat must be supplied extern
to the walls to maintain them atTw = 20◦C. For the highes
inlet temperature (case 4)Nul is again positive but is smalle
thanNus over the entire channel length. ThereforeNut and
qt are positive, i.e., heat must be removed from the wall
all axial positions. The situation is quite different in case
for this combination of variables,Nul is higher thanNus

near the channel inlet but the opposite is true near its ou
Therefore, in this case, heatmust be supplied to the wal
near the inlet and removedfrom them near the outlet.

The axial evolution of the friction factor is shown
Fig. 8. This parameter decreases monotonically as the
moves downstream towards the same asymptotic va
f Re∞ = 24, which is equal to the analytical value for ful
developed forced convection [9]. This tendency has a
,

Fig. 9. Velocity profiles atX = 0.2.

Fig. 10. Axial evolution of the Sherwood number.
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been reported by Yan [6] and Orfi and Galanis [4]. Very clo
to the channel inlet the values off Re are the same for bot
forced and mixed convection for the reason invoked in
previous paragraph. On the other hand, in the develo
region the values for mixed convection (which increa
with both T0 and φ0) are considerably higher than tho
for forced convection. This significant effect is due to t
modification of the axial velocity profiles by the buoyan
forces. Fig. 9 illustrates this modification for a particu
combination of operating conditions. For forced convect
the velocity decreases monotonically as the distance f
the mid-plane increases. For mixed convection, the co
fluid in the vicinity ofthe walls is accelerated in the direction
of flow by the downward acting thermal buoyancy for
and the maximum velocity does not occur at the chan
mid-plane. The velocity gradient at the wall, as well as th
resulting wall shear stress and friction factor, are there
higher in the case of mixed convection as shown in Fig.

Finally, Fig. 10(a) and (b), respectively, show the eff
of T0 and φ0 on the axial evolution of the Sherwoo
number. According to Eq. (14) this parameter is posi
whether evaporation or condensation takes place. In all c
the value ofSh tends towards the same asymptotic val
Sh∞ = 7.54, which is equal to the analytical value for ful
developed forced convection. This tendency has also b
reported by Lin et al. [7], Yan [6] and Orfi and Galanis [4
The effect of the buoyancy forces in the developing regio
evident. In this region,Sh increases asT0 increases while the
effect ofφ0 is small as in the case ofNus . In fact, the axial
distributions ofSh are very similar to those ofNus as a result
of the close values of the Prandtl and Schmidt numbers.

5. Conclusion

The effects of simultaneous cooling and mass transfe
the downward laminar flow of humid air in an isotherm
vertical channel with wet walls have been studied num
cally. Condensation occurs when the vapour mass fractio
the inlet is higher than the corresponding saturation valu
s

t

the wall temperature. In the opposite case, evaporation t
place. For fixed wall conditions an increase of the inlet
temperature results in a small increase of the sensible
selt number and a significant decrease of the latent Nu
number. The effect of buoyancy forces on the latent N
selt numbers is small. On the other hand, the axial velo
profiles, the friction factor, the sensible Nusselt number
the Sherwood number are significantly influenced by bu
ancy forces. The friction factor and the Sherwood num
increase with both inlet air temperature and inlet air humid
ity.
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